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Abstract
Recent observational results suggest that our universe is nearly flat and well modelled
within a ΛCDM framework. The observed values of Ωm and ΩΛ inevitably involve
uncertainties. Motivated by this, we make a systematic study of the necessary and
sufficient conditions for undetectability as well as detectability (in principle) of cos-
mic topology (using pattern repetition) in presence of such uncertainties. We do this
by developing two complementary methods to determine detectability for nearly flat
universes. Using the first method we derive analytical conditions for undetectability
for infinite redshift, the accuracy of which is then confirmed by the second method.
Estimates based on WMAP data together with other measurements of the density pa-
rameters are used to illustrate both methods, which are shown to provide very similar
results for high redshifts.
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1 Introduction
An important feature of general relativity is that it is a local metrical theory, and therefore
the corresponding Einstein field equations do not fix the global topology of space-time. This
freedom has fueled a great deal of interest in the possibility that the universe may possess
compact spatial sections with a non-trivial topology (see for example [1, 2]). Whatever the
nature of cosmic topology may turn out to be, the issue of its detectability is of fundamental
importance.
Motivated by recent observational results, a study was recently made of the question of
detectability of the cosmic topology in nearly flat universes where the ratio of the current
total density to the critical density of the universe, Ω0, is very close to one. It was demon-
strated that as Ω0 → 1 increasing families of possible topologies become undetectable by
methods based on image (or pattern) repetitions (see [3] – [8]).
Measurements of the density parameters unavoidably involve observational uncertainties,
and therefore any study of the detectability of the cosmic topology should take such uncer-
tainties into account. This is particularly crucial for nearly flat universes, which are favoured
by the current observations.
In this paper we study the sensitivity of the detectability of cosmic topology to the
uncertainties in the density parameters. We present two complementary methods for deciding
the detectability of cosmic topology in terms of the density parameters within the uncertainty
region, for any given survey depth. The first method provides sufficient (but not necessary)
conditions for undetectability of cosmic topology. The second method provides necessary
(but not sufficient) conditions for undetectabilty. The converses of the latter conditions
also give sufficient (but not necessary) conditions for detectability in principle of cosmic
topology. Using the former method in the limiting case z → ∞ we derive an exact closed
form, which expresses the sufficient conditions for undetectability of cosmic topology of
nearly flat universes.
Both methods were devised to be suitable where the values of density parameters include
uncertainties, which lie in a region in the neighbourhood of Ω0 = 1, and are shown to be
accurate for high redshifts. Numerical criteria for both undetectability and detectability in
principle (collectively denoted in what follows by (un)detectability to be succinct) are also
presented.
The structure of the paper is as follows. In section 2 we give an account of the cosmological
models employed, present a brief discussion of a topological indicator we will use, and make
a brief analytical study of the question of detectability of cosmic topology of nearly flat
universes. In section 3 we develop two complementary methods for deciding the detectability
of cosmic topology taking into account the uncertainties in the density parameters, for any
given survey depth. In section 4 we present a number of concrete examples, and discuss their
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connection with some results in the literature. We construct tables for specific topologies
which provide support for the assertion that the closed form expression that ensures sufficient
conditions for undetectability is very accurate for deciding the undetectability of cosmic
topology of nearly flat universes. Finally, section 5 contains a discussion of our main results
and conclusions.
2 Preliminaries
In the context of standard cosmology, the universe is modelled by a 4-manifoldM = R×M ,
with a locally isotropic and homogeneous Robertson-Walker (RW) metric
ds2 = −c2dt2 +R2(t)
[
dχ2 + f 2(χ)(dθ2 + sin2 θ dφ2)
]
, (2.1)
where t is a cosmic time, f(χ) = χ , sinχ, or sinhχ depending on the sign of the constant
spatial curvature (k = 0,±1), and R(t) is the scale factor. For non-flat models (k 6= 0),
the scale factor is identified with the curvature radius of the spatial section of the universe
at time t. Usually the 3-space M is taken to be simply-connected; namely Euclidean E3,
spherical S3, or hyperbolic H3 spaces. In general, however, the 3-space may take the form of
an infinite set of other possible quotient (multiply connected) manifolds M = M˜/Γ, where
Γ is a discrete group of freely acting isometries of the covering space M˜ .1
Recent observations have provided important information concerning the nature of the
energy content of the universe. In particular, recent measurements by WMAP [9] of the
position of the first acoustic peak in the angular power spectrum of cosmic microwave back-
ground radiation anisotropies (CMBR), which refine and to a great extent corroborate pre-
vious data [10] – [12]), seem to suggest that the universe is flat or nearly so (Ω0 ∼ 1).
There is also ample evidence from observations, including the CMBR power spectrum,
galaxy clustering statistics [13], peculiar velocities [14] and the baryon mass fraction in
clusters of galaxies [15, 16] that the density of the clumped (including baryonic and dark)
matter in the universe is substantially lower, being of the order of 0.3 of the critical value.
Furthermore, observations of high redshift Type Ia Supernovae [17] seem to suggest that the
universe is presently undergoing accelerated expansion.
One way of reconciling these diverse set of observations is to postulate that a substantial
proportion of the energy density of the universe is in the form of a dark component which is
smooth on cosmological scales and possesses a negative pressure. An important candidate
for this is the cosmological constant.
In the present work we therefore assume that the current matter content of the universe
is well approximated by dust (of density ρm) plus a cosmological constant Λ, with associated
1In this article, in line with the usage in the literature, by topology of the universe we mean the topology
of the space-like section M of the space-time manifoldM.
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fractional densities Ωm = 8πGρm / (3H
2) and ΩΛ ≡ Λ c
2/ (3H2), with Ω0 = Ωm+ΩΛ. In this
setting, for non-flat models, the redshift-(comoving)-distance relation in units of curvature
radius takes the form
χ(z) =
√
|1− Ω0|
∫ z
0
[
(1 + x)3Ωm0 + ΩΛ0 − (1 + x)
2(Ω0 − 1)
]
−
1
2 dx , (2.2)
where the redshift z measures the depth of the survey, and the subscript ’0’ refers to present
values of the density parameters. The horizon radius dhor is then defined by (2.2) for z =∞ .
For simplicity, on the right hand side of (2.2) and in many places in the remainder of this
article, we have left implicit the dependence of the function χ on the density components.
An important feature of the expression (2.2) is that it is very sensitive to changes in
the quantity 1 − Ω0 near the flat line, falling rapidly to zero as Ω0 → 1 (as will become
quantitatively evident below). This limit plays a crucial role in the detectability of any
non-trivial topology [3] – [5].
To proceed we recall some topological background that we shall use below. To begin
with we note that the classes of topologies allowed for spherical, flat and hyperbolic 3-
manifolds are qualitatively different, and any analysis must deal with each family separately.
Furthermore, in three dimensions there are complete classifications for flat and spherical
topologies, but not for the hyperbolic ones. Also, geometrical quantities of hyperbolic and
spherical manifolds, expressed in terms of the curvature radius, are topological invariants.
For flat manifolds, however, we have no such natural unit of length, and they are not rigid.
They should therefore be dealt with separately (see [6] for a study of detectability in such
cases). Here we shall confine ourselves to non-flat cases only.
Compact orientable hyperbolic 3-manifolds can be constructed by the so called Dehn
surgery procedure, denoted by two coprime winding numbers, (n1, n2), applied to a cusped
seed manifold. For example, in the case of the manifold m003(−3, 1) (the smallest known
orientable hyperbolic manifold), m003 is the seed cusped manifold, and −3 and 1 are the
winding numbers. Using the software SnapPea [18], Hodgson and Weeks [19] compiled a
census with 11031 of such manifolds, ordered by volume.
In order to study the (possibly non-trivial) topology of the spatial sections M of the
universe, we need a topological invariant length that could be put into correspondence with
depth of surveys. We shall employ the so-called injectivity radius rinj, the radius of the
smallest sphere ’inscribable’ in M , which is defined as half the length ℓM of the smallest
closed geodesics (for details see [3]),
rinj =
ℓM
2
. (2.3)
The indicator Tinj, i.e. the ratio of the injectivity radius to the depth χ(zobs) of a given
astro-cosmological survey up to a maximum redshift z = zobs, is then defined as
Tinj =
rinj
χ(zobs)
. (2.4)
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In a universe with Tinj > 1 there would be no observed multiple images of objects up to
the maximum survey depth, and therefore the cosmic topology would not be detectable
observationally by any observer looking for patterns repetition. Similarly for universes with
Tinj < 1 the topology is in principle observationally detectable through pattern repetitions,
at least for some observers.
An important issue (and the main goal for this work) is to determine the which manifolds
(topologies) are undetectable, and which are detectable (in principle), for given values of
the density parameters (Ωm0, ΩΛ0) subject to observational uncertainties. If Ωm0 and ΩΛ0
were known precisely, it would be a simple matter to calculate χ(zobs) and then obtain
Tinj for any non-flat universe (with the associated rinj). The density parameters, however,
inevitably involve observational uncertainties, with an associated uncertainty region in the
parameter plane. The most recent estimates [9] specify this region to be Ω0 ∈ [0.99, 1.05]
and ΩΛ ∈ [0.69, 0.79] with a 2σ confidence, straddling the flat line where χ(z) = 0. So,
for any 3-manifold there is a set of values for Ωm0 and ΩΛ0 within the uncertainty region
for which the corresponding topology is undetectable. The (un)detectability issue has been
investigated, for some specific values of the density parameters in [3] – [5] and [7]. Here
we systematically extend those results by developing methods that for each manifold M
separates the uncertainty region into undetectable and detectable (in principle) sub-regions,
for any given survey depth zobs.
3 Conditions for undetectability and detectability in
principle
To motivate our methods we begin by noting that a first estimate of the constraints on detect-
ability of cosmic topology can be obtained from the horizon radius function χhor(Ωm0,ΩΛ0, z)
given by (2.2) for z =∞ , in the neighbourhood of the flat line Ω0 = Ωm0+ΩΛ0 = 1 favoured
by recent diverse set of observations. Figure 1 shows the behaviour of χhor as a func-
tion of Ωm0 and ΩΛ0. The curves in the parametric plane are contour curves defined by
χ(Ωm0,ΩΛ0, zobs) = r
M
inj for a given manifold with rinj = r
M
inj , and a fixed survey depth zobs .
Since in parametric plane the flat universes are characterized by the straight line Ω0 = 1, this
figure makes clear that as |Ω0 − 1| → 0, χhor → 0, hence showing that, for a given manifold
M with injectivity radius rMinj there are values of ΩΛ0 and Ωm0 for which the topology of
the universe is either undetectable (Tinj > 1 , i.e. r
M
inj > χhor ) or detectable in principle
(rMinj < χhor ).
Such scheme has been employed for specific values of the density parameters (see, e.g.,
[3] – [5]). Here we extend this approach so as to include the whole observational uncertainty
region U , which is determined by a diverse set of observations (CMB, SNIa, lensing, large
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scale structure observations). Furthermore, in the limiting case z → ∞ we shall derive an
exact closed form, which expresses the sufficient conditions for undetectability of cosmic
topology of nearly flat universes, no matter how complicated is the spatial topology of M .
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Figure 1: The behaviour of the horizon radius χhor in units of curvature radius as a function
of the density parameters ΩΛ and Ωm . Clearly a similar behaviour holds for χobs for any fixed
zobs . The curves in the parametric plane are contour curves defined by χ(Ωm0,ΩΛ0, zobs) =
rMinj for a given manifold with rinj = r
M
inj , and a fixed survey depth zobs .
From now on we shall focus our attention in the parametric plane ΩΛ0 – Ωm0. To better
understand undetectability regarding this plane consider a manifold M with rinj = r
M
inj .
For a fixed survey depth z = zobs a contour curve is defined by χ(Ωm0,ΩΛ0, zobs) = r
M
inj .
This curve defines two sub-regions in the parametric plane: one between the flat line and
the contour curve where the topology of a universe with space section M is undetectable
for a survey with depth zobs, and another beyond the contour line where it is detectable in
principle for the same survey depth (see Fig. 2). If the contour curve does not intersect the
current uncertainty region U the topology of M is undetectable for the values of the density
parameters in U . If it does, a criterion is needed to determine the set of values of the density
parameters in U for which the topology is undetectable.
We shall use two different methods to obtain linear approximations of the contour curves.
The first approximation method (called secant method) provides sufficient (but not neces-
sary) conditions for undetectabilty of cosmic topology. As such, these conditions do not
apply to the whole region where the topology of M is undetectable, since there is a sub-
region of U above the secant line for which the topology of M is still undetectable (see
Fig. 2). To ensure that the secant line approximation method is an efficient method to
decide the detectability in practice, we need to show that this sub-region is small. We do
this by employing a second linear approximation method (which we refer to as the tangent
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Figure 2: A schematic representation of the secant line (SL) and tangent line (TL) methods.
The convexity of the contour curve for Ω0 > 1 can be proven analytically, as discussed
below. The topology is shown to be detectable in principle in region I by the TL method,
and undetectable in region IV by the SL method. Regions II and III are not discriminated
by either methods. But using just the contour curve one has that in region II the topology
is detectable in principle, whereas in region III it is undetectable. The sub-region of the
uncertainty region U between the secant and the tangent lines (regions II and III) is very
small for manifolds whose contour curves intersect the uncertainty region.
method) that provides necessary (but not sufficient) conditions for undetectabilty. Since
both methods rely on linear approximation, the conditions provided by them will be given
in terms of linear inequalities in the density parameters.
The secant line method simply states that a universe with space-like section M has an
undetectable topology if
α Ωm0 + β ΩΛ0
{
> 1 , for Ω0 < 1 ,
< 1 , for Ω0 > 1 ,
(3.5)
where the coefficients α, β are “normalized” constants fixed by the topology (via rMinj) and
the depth of the survey zobs.
Similarly, the tangent method states that the necessary conditions for M to have unde-
tectable topology are
µ Ωm0 + ν ΩΛ0
{
< 1 , for Ω0 > 1 ,
> 1 , for Ω0 < 1 ,
(3.6)
where again the coefficients µ, ν are “normalized” constants fixed by the topology (via
rMinj) and the depth of the survey zobs. We note that the converses of conditions (3.6)
provide sufficient (but not necessary) conditions for detectability in principle. So, for example
µ Ωm0 + ν ΩΛ0 > 1 is a sufficient condition for detectability in principle of the topology of
spherical universes (Ω0 > 1).
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Before we proceed further it is worth stressing that the conditions (3.5) and (3.6) are
global (observer independent), since they depend on rMinj , which is half the length of the
smallest geodesic in M . However, it is also possible to define rinj(x), half the length of the
smallest geodesic that passes through the point x ∈M . Then (3.5) and (3.6) would become
location (observer)-dependent conditions for undetectability of cosmic topology.
3.1 Secant method
Consider the contour curve χ(zobs,Ωm0,ΩΛ0) = r
M
inj . For a given survey depth zobs we define
the secant line as the line joining the points (Ω˜m0, 0) and (0, Ω˜Λ0) where the contour curve
intersects the axes Ωm0 and ΩΛ0, respectively. Clearly the equation of this line is given by
Ωm0
Ω˜m0
+
ΩΛ0
Ω˜Λ0
= 1 . (3.7)
For these intersecting points the redshift-distance relation (2.2) can also be more easily
integrated. By writing explicitly χ (zobs, Ω˜m0, 0) = r
M
inj and χ (zobs, 0, Ω˜Λ0) = r
M
inj , and
setting ε = [sign( 1− Ω˜0) ]
1
2 we obtain, respectively2,
rMinj = 2 ε
[
arctanh (1− Ω˜m0)
−1/2 − arctanh (
1 + z Ω˜m0
1 − Ω˜m0
)1/2
]
,
rMinj = ε log
{
(1 + z) (1− Ω˜Λ0)
1/2 + [ (1 + z)2 − z(2 + z) Ω˜Λ0 ]
1/2
1 + (1− Ω˜Λ0)1/2
}
.
(3.8)
We now wish to solve the equations (3.8) for Ω˜m0 and Ω˜Λ0 . Although this can be done
analytically, the (very long) resulting expressions are not in general very useful, except in
the limiting case z →∞. It can, however, always be done numerically.
By treating ΩΛ0 as a function of Ωm0, it is possible to show that for any fixed z = zobs
the contour curves χ(zobs,ΩΛ0,Ωm0) = r
M
inj are convex (concave) for Ω0 < 1 (> 1 ), i.e.,
d2ΩΛ0/dΩ
2
m0 > 0 (< 0 ). This property can also be gleaned from the parametric plot of
χ(ΩΛ0,Ωm0) (see for example [3]). It also ensures that the secant line crosses the contour
line only at the Ωm0 and ΩΛ0 axes, and that any sub-region of U lying between the secant
and the flat lines (region IV in Figure 2) will also lie between the contour line and the flat
line. Therefore the topology of M is undetectable for the values of the density parameters
in such region (IV). To sum up, if Ωm0 and ΩΛ0 are such that inequality (3.5) holds with α
and β given by (3.7), then the topology of M is undetectable.
Now we shall obtain a closed form expression for (3.7) in the limiting case z → ∞.
Unless there is a horizon for a finite zmax (which is not the case for currently accepted
2Incidentally, note that in these equations the functions arctanh and log are defined as the analytical
extensions to the complex plane of the ordinary real functions, and as such they apply to both spherical and
hyperbolic cases.
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density parameters), χ(z) increases monotonically with z. Therefore, by taking z → ∞ we
obtain an upper bound for χ(zobs). Using (3.8) we obtain explicitly Ω˜m0 and Ω˜Λ0 in terms of
rMinj in this limiting case. The undetectability conditions (3.5) [with (3.7)] then reduce to:
A universe with space section M has undetectable topology if
cosh2 (
rMinj
2
) Ωm0 + ΩΛ0 > 1 , for Ω0 < 1 ,
cos2 (
rMinj
2
) Ωm0 + ΩΛ0 < 1 , for Ω0 > 1 .
(3.9)
Despite its simple form, this result is of considerable interest in that it gives a test for
undetectability for any z. Note, however, that for nearly flat universes the conditions (3.9)
and (3.5) for z ∼ 1100 (CMB) provide very close results. Yet as these results are also close
to those provided by the tangent method (discussed in the next section), it follows that for
the cases of physical interest (3.9) is, in practice, an efficient criterion for undetectability of
cosmic topology. Its closed form greatly enhances its usefulness, as we shall illustrate below.
A word of clarification is in order here. The expression used for χ(zobs) here assumes
only matter and cosmological constant components. For z ≫ 1100 the photon energy den-
sity becomes significant. But since its presence only decreases the actual value of χ(zobs)
(increasing undetectability), the expressions (3.9) remain valid nonetheless.
It is worth stressing that the coefficients obtained by the secant line method do not
depend on the values of density parameters or their associated uncertainties, and can be
tabulated for any nearly flat universe to be checked against present or future observations.
To close this subsection we note that there is a region in the parameter plane (lying
between the secant and contour curves, depicted as region III in Figure 2) that does not
meet the condition (3.5), but for which the topology of M is still undetectable. In the next
subsection we shall present the tangent line method, and use it in section 4 to show that this
region is indeed very narrow, and can be disregarded in practical cases of physical interest
(nearly flat universes).
3.2 Tangent method
The tangent line method discussed in more details in this section provides necessary condi-
tions for undetectability of cosmic topology of nearly flat universes. As we have mentioned
before their converses also furnish conditions for detectability in principle of cosmic topology
of these universes.
We obtain a tangent to the contour line χ(zobs,Ωm0,ΩΛ0) = r
M
inj by taking a line passing
through the point P¯ = (Ω¯m0, Ω¯Λ0) that is perpendicular to the gradient of ▽χ(zobs) at P¯ .
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The equation for this tangent line can be written as
ΩΛ0 − ΩΛ0
Ωm0 − Ωm0
= −
∂χ
∂Ωm0
∣∣∣
P=P¯
∂χ
∂ΩΛ0
∣∣∣
P=P¯
. (3.10)
We note that the convexity (concavity) property mentioned above ensures that this line will
never cross the contour curve. Rearranging the terms in (3.10) we obtain
∂χ
∂Ωm0
∂χ
∂Ωm0
Ωm0 +
∂χ
∂ΩΛ0
ΩΛ0
Ωm0 +
∂χ
∂ΩΛ0
∂χ
∂Ωm0
Ωm0 +
∂χ
∂ΩΛ0
ΩΛ0
ΩΛ0 = 1 , (3.11)
where (although we have not explicitly indicated for simplicity) all partial derivatives are
evaluated at P = P¯ .
The choice of P¯ is not crucial, but in practice we take it as the point in the contour
curve that lies along the gradient ▽χ(zobs) from the point of maximum χ(zobs) within the
uncertainty region (see Fig. 2). The extreme points of uncertainty range given by WMAP
data, together with other measurements [9], are Phyp = (0.23, 0.69) for the hyperbolic, and
Psph = (0.31, 0.79) for the spherical case, respectively.
In this way for a fixed z = zobs and for any given manifold M , we obtain the tangent
line at a point P¯ of the contour line χ(zobs) = r
M
inj . Thus the necessary (but not sufficient)
conditions for the topology of nearly flat universes to be undetectable are provided by (3.6)
with µ and ν given by (3.11). Clearly if Ωm0 and ΩΛ0 are such that the converses of the
inequalities (3.6) hold with µ and ν given by (3.11), then the topology of the universe is
detectable in principle.
In terms of Figure 2, this means that for points in region I the inequalities (3.6) hold,
and therefore the topology will be detectable in principle. There are also points (region II)
where the inequalities do not hold, and yet the topology is still detectable in principle. This
is however a very small region, as we shall discuss below.
To close this section we note that for each pair (r:Minj, zobs) we can calculate numerically
the coefficients µ and ν, and compare their values to α and β obtained by the secant method
to make clear that the sub-region of U between the secant and the tangent lines (regions
II and III in Figure 2) is indeed very small for manifolds whose contour curves intersect the
uncertainty region. This amounts to saying that in practice, for currently accepted values
of the density parameters, the secant line method as formulated in eq. (3.5) [or its stronger
closed form (3.9)] gives an efficient criterion for undetectability of nearly flat spherical and
hyperbolic universes. In the next section we shall discuss this point further.
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4 Applications
In section 3 we described how to obtain the coefficients (α, β ) and (µ, ν) required by the
secant and tangent methods to ensure, respectively, the sufficient and necessary conditions
for undetectability [see (3.5) and (3.6)], providing therefore a systematic criterion for unde-
tectability of cosmic topology of nearly flat universes, given the unavoidable observational
uncertainties in the values of the density parameters. We are mostly interested in undetect-
ability conditions for large redshifts (z = 1100 and z →∞), so here we shall tabulate these
coefficients for specific topologies to provide support for the assertion that the closed form
expression (3.9) is an accurate criterion for undetectability of cosmic topology of nearly flat
universes. For smaller z, however, the coefficients must be calculated numerically.
The conditions (3.5) [with α and β fixed by (3.7)], their closed forms (3.9), as well as (3.6)
[with the µ and ν given by (3.11)] can be trivially rewritten in terms of Ω0 and ΩX0, where
the latter variable can be either ΩΛ0 or Ωm0. These new variables make clearer for which
exact values of the total density parameter the topology of M becomes undetectable. The
expression (3.5) then becomes
Ω0 > K + γ ΩX0 , for Ω0 < 1 ,
Ω0 < K + γ ΩX0 , for Ω0 > 1 .
(4.12)
To make a direct comparison with previous results we choose ΩX0 as ΩΛ0 or Ωm0. In these
cases one has K = 1/α and γ = (α−β)/α for the pair (Ω0,ΩΛ), while for the pair (Ω0,Ωm0)
one obtains K = 1/β and γ = (β − α)/β. Now for the limit z → ∞ the undetectability
conditions (3.9) take the form:
A universe with space section M has undetectable topology if
Ω0 > sech
2 ( rMinj / 2 ) + tanh
2 ( rMinj / 2 ) ΩΛ0 , for Ω0 < 1 ,
Ω0 < sec
2 ( rMinj / 2 ) − tan
2 ( rMinj / 2 ) ΩΛ0 , for Ω0 > 1 ,
(4.13)
or, in terms of Ωm0, if
Ω0 > 1 − sinh
2 ( rMinj / 2 ) Ωm0 , for Ω0 < 1 ,
Ω0 < 1 + sin
2 ( rMinj / 2 ) Ωm0 , for Ω0 > 1 .
(4.14)
As an example, we follow [3] and tabulate K and γ for the first seven manifolds in the
Hodgson-Weeks census of hyperbolic manifolds, ordered here by decreasing rinj .
Table 1 shows that both methods provide very close numerical values for the coefficients
K and γ when z = 1100 and z →∞ (for the secant method). This means that, on the one
hand, the sufficient and necessary undetectability conditions provided, respectively, by the
secant and tangent line methods are consistent (as expected), and give very close results.
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Manifold rinj TL Method z = 1100 SL Method z = 1100 SL Method z →∞
K γ K γ K γ
m007(3, 1) 0.416 0.955 0.040 0.956 0.045 0.958 0.041
m009(4, 1) 0.397 0.959 0.037 0.959 0.040 0.961 0.039
m003(−3, 1) 0.292 0.977 0.020 0.978 0.022 0.978 0.022
m003(−2, 3) 0.289 0.978 0.020 0.978 0.022 0.979 0.020
m003(−4, 3) 0.288 0.978 0.020 0.978 0.022 0.980 0.020
m004(6, 1) 0.240 0.985 0.014 0.985 0.015 0.985 0.014
m004(1, 2) 0.183 0.991 0.008 0.991 0.009 0.991 0.008
Table 1: Coefficients K = 1/α and γ = (α−β)/α for undetectability of hyperbolic manifolds
provided by the necessary conditions from the tangent line (TL) method, and the sufficient
conditions given by the secant (SL) method, for two distinct survey depths.
On the other hand, this numerical closeness also makes clear how narrow is the thin strip
between the secant and the tangent lines.
As an example, in [3] (see also [5]) it was shown that in the range ΩΛ0 ∈ [0.63, 0.73] the
topology of both manifolds m007(3, 1) and m009(4, 1) are undetectable for Ω0 ∈ [0.99, 1),
and detectable in principle for Ω0 ∈ [0.98, 0.99). Using the values in Table 1 from the
conditions (4.13) we can state more precisely that the topology of m007(3, 1) is undetectable
for ΩΛ0 = 0.63 if Ω0 > 0.984 and also for ΩΛ0 = 0.73 if Ω0 > 0.986. Likewise, the topology
of m009(4, 1) is undetectable for ΩΛ0 = 0.63 if Ω0 > 0.986 and for ΩΛ0 = 0.73 if Ω0 > 0.988.
On the other hand, using the coefficients obtained with the tangent method, it is clear
that the topology of m007(3, 1) is detectable in principle for Ω0 < 0.980 if ΩΛ0 = 0.63 and
the topology of m009(4, 1) is detectable in principle for Ω0 < 0.982 if ΩΛ0 = 0.73.
These results agree with those obtained in [7], where it was found that the probability
of detection of the topology of these manifolds is zero, if Ω0 = 0.99. The above examples
also demonstrate clearly that the conditions for (un)detectability of cosmic topology we
have obtained in this article extend previous results [3] – [5], in which the undetectability of
cosmic topology was investigated only for specific values of the density parameters, rather
than values within the whole uncertainty region.
It is clear that χobs is not strongly dependent on ΩΛ0, and it can be viewed as a function
of Ω0 for an appropriate value (fixed by observation, for example) of ΩΛ0. Furthermore,
as we have seen for manifolds of physical interest the secant line with z → ∞ is a good
approximation of the contour curve. Therefore (4.13) can be understood as an analytical
relation between χobs and Ω0 which can be used to answer specific questions about whole
classes of manifolds, as we shall discuss in examples below.
We now discuss some important examples related to spherical manifolds. In Table 2 we
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tabulate all single action spherical manifolds with their respective rinj , as well as the lower
and upper bounds for the minimal value of Ω0 for undetectability provided, respectively, by
the secant line and the tangent line methods. Single action manifolds are globally homoge-
neous and therefore the (un)detectability conditions provided by both methods are location
independent, for any fixed survey depth. As a consequence, the tangent line method also
gives sufficient conditions for detectability (not only in principle). For direct comparison
with a similar table in [8] we have taken Ωm0 = 0.35. The minimal values of the total den-
sity in Table 2 given by the tangent and secant line methods are in good agreement with
one another, as well as with those found in ref. [8].
Group rinj Sup. Ω0 Inf. Ω0
TL Method z = 1100 SL Method z →∞
Binary icosahedral I∗ pi
10
1.011 1.009
Binary octahedral O∗ pi
8
1.018 1.013
Binary tetrahedral T ∗ pi
6
1.031 1.023
Binary dihedral D∗m
pi
2m
— 1+ sin2
(
pi
4m
)
Ωm0
Cyclic Zn
pi
n
— 1+ sin2
(
pi
2n
)
Ωm0
Table 2: Upper and lower bounds for the minimal value of Ω0 for undetectability of topology,
obtained, respectively, from the necessary conditions given by the tangent line (TL) method,
and the sufficient conditions provided by the secant (SL) method, for Ωm0 = 0.35.
It is useful to employ the analytical expression (4.14) to provide a lower bound for
undetectability in the case of binary dihedral and cyclic spaces, since it contains an explicit
dependence on Ωm0, allowing a more systematic study of detectability. For these manifolds
the undetectability conditions are given as functions of n and m, respectively. Up to second
order they reduce to 1 + 0.86/(2m)2 and 1 + 0.86/n2, for Ωm0 = 0.35, in agreement with
table 2 in [8].
The values in Tables 2 and 3 show that the results given by the tangent and secant line
methods are in good agreement with each other, as well as with those in [8]. For manifolds
with smaller rinj the results of course become closer.
The values in Tables 2 and 3 show that the results given by the tangent and secant line
methods are in good agreement with each other, as well as with those in [8]. If we compare
the bounds in Table 2 with numerical estimates of the contour curves with Ωm0 = 0.35, it
becomes clear that the actual minimal value of Ω0 for detectability is very close (agreeing to
3 decimal places) to the bound given by the tangent method. This is not surprising, given
that the tangent line is the best linear fit of the contour curve. We note, however, that the
use of the secant line instead does not introduce significant errors.
To complete the picture we also show in Table 3 the maximum values of Ω0 for detectabil-
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m n rinj Max. Ω0
TL Method z = 1100
2 4 0.785 1.072
3 6 0.524 1.031
4 8 0.393 1.018
5 10 0.314 1.011
6 12 0.262 1.008
9 18 0.175 1.005
Table 3: Upper bound for the minimal value for Ω0 for undetectability of cosmic topology
obtained from the (necessary) conditions provided by the tangent line method for sample
binary dihedral D∗m and cyclic spaces Zn, for Ωm0 = 0.35.
ity provided by the tangent method for some members of the D∗m and Zn classes, again with
Ωm0 = 0.35. These two classes are particularly important because as Ω0 → 1 from above,
there is always a n∗ (orm∗) such that the topology corresponding to Zn (or D
∗
m) is detectable
for n > n∗ (or m > m∗). In particular, the single action cyclic spaces are globally homoge-
neous and constitute a subclass of the lens spaces L(n, q), namely L(n, 1). The general lens
spaces L(n, q) for q 6= 1 are not globally homogeneous, but have the same injectivity radius,
rinj = π/n, of the homogeneous family. Thus, although for the homogeneous cyclic spaces
the condition n > n∗ is global and ensures that the topology is detectable, for the inhomo-
geneous cases it becomes a condition for detectability in principle only. For some specific
density values n∗ has been obtained [3]. Here we extend these results by solving (4.14) for
n∗ and m∗ to obtain
n∗ = Int
 π2
[
arcsin
√
Ω0 − 1
Ωm0
]
−1
 ,
m∗ = Int
 π4
[
arcsin
√
Ω0 − 1
Ωm0
]
−1
 ,
(4.15)
where Int[x] denotes the integer part of x.
These expressions can be used to calculate n∗ and m∗ for any set of density parameters.
For z →∞ expressions (4.15) are in agreement with results obtained [3], which in turn are
very close to the results for z = 3000 tabulated in [3]. For smaller z the values of n∗ and
m∗ must be obtained numerically, by using equation (3.8). We stress that these expressions
also provide an example of how our results can be used to study the detectability of cosmic
topology for classes of manifolds systematically without resorting to numerical calculations
of the contour lines.
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5 Conclusions and final remarks
Current estimates of the cosmological density parameters suggest that the universe is nearly
flat, with the associated 2σ confidence level allowing for the possibility of a spherical, flat or
hyperbolic universe. Motivated by this we have reexamined the question of detectability of
the cosmic topology taking into account the uncertainty region in the ΩΛ – Ωm parametric
plane. Since the detectability or undetectability of the cosmic topology crucially depends on
the values of the density parameters, the true determination of the topology requires taking
into account a detailed analysis of the effects of the related uncertainties.
We present two complementary methods (secant and tangent methods) that give, re-
spectively, sufficient (but not necessary) conditions for undetectability, and necessary (but
not sufficient) conditions for undetectability of cosmic topology. The converses of the latter
also constitute a set of sufficient (but not necessary) conditions for detectability in principle.
These methods are systematic in the sense that they determine (un)detectability for any
values of the density parameters in the uncertainty region, except for a negligible thin strip.
When applied to specific manifolds, both methods provide conditions that are shown
to be in good agreement, for any fixed survey depth, accurately separating the parameter
plane into undetectable and detectable regions. Since they are both systematic and accurate,
these criteria extend previous results [3] – [5], (see also [7]) in which the undetectability of
cosmic topology was investigated only for specific values of the density parameters, rather
than within an uncertainty region that include such values.
Clearly the tangent line obtained from (3.11), being the best linear fit for the contour
curve, is a better approximation of the contour curve than the secant line (3.7). However,
as was discussed in Sections 3 and 4, in practice the difference between the coefficients given
by the tangent and secant line methods is small, and become even smaller as Ω0 → 1, and
which one is used is a matter of convenience. The closed form of the latter in the limit
z →∞ makes it more useful to study classes of manifolds rather than specific examples.
An important result of this article is the closed form conditions (3.9) for undetectability of
cosmic topology or nearly flat universes obtained from the secant method in the z →∞ limit.
These inequations can be seen, to a very good approximation, as establishing conditions for
detectability in principle as well, as can be shown by comparison with numerical values
obtained from both methods for z = 1100. For high redshifts we can therefore use (3.9)
to separate the parameter plane into undetectable and detectable sub-regions with great
accuracy. The closed form of these conditions makes its application quite straightforward
and potentially more useful. Equation (4.15) is a good example of such application, because
it extends previous results to a more general, and yet simpler, form.
There are other advantages in the use of (3.9) and its counterparts (4.13) and (4.14).
If, as expected, new observations further constrain the uncertainty region nearer to the
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flat line, the conditions provided by the secant and tangent methods will become closer to
each other, and either (3.9), (4.13) or (4.14) will become even more accurate. In that case,
our expressions can be used to address a number of questions regarding the detectability
of cosmic topology for classes of manifolds, as for example in the detectability conditions
n > n∗ and m > m∗ with n∗ and m∗ given by (4.15). Note also that, for any given survey
depth, the coefficients in the conditions (3.9) or its counterparts for each (fixed) manifold
do not depend on the size and shape of the uncertainty region.
In a recent paper Weeks [7] introduced the so called injectivity profile, in which for each
manifold the probability of detecting the cosmic topology is plotted as a function of the
horizon distance χ(zhor). The probability is defined as the fraction of the manifold where
χ(zobs) ≤ rinj(x) ≤ χ(zobs)+∆χ. We note that even though the (un)detectability conditions
presented here were obtained for a global rMinj, expressions such as (3.9) still hold if the
injectivity radius function rinj(x) is used instead. Such location dependent conditions could
be used to calculate injectivity profiles in terms of Ω0 instead of χ(zhor). This would allow us
to determine, for instance, how the probability of detectability changes as the total density
approaches its critical value.
Finally even though we have used a ΛCDM framework, similar methods could be de-
veloped for other cosmological models with different redshift-distance relations in order to
obtain conditions for undetectabilty of cosmic topology.
Acknowledgments
We thank CNPq, MCT/CBPF and FAPERJ for the grants under which this work was carried
out. We also thank G.I. Gomero and A.F.F. Teixeira for fruitful discussions.
References
[1] G.F.R. Ellis, Gen. Rel. Grav. 2, 7 (1971);
D.D. Sokolov and V.F. Shvartsman, Sov. Phys. JETP 39, 196 (1974);
D.D. Sokolov and A.A. Starobinsky, Sov. Astron. 19, 629 (1975);
G.F.R. Ellis and G. Schreiber, Phys. Lett. A 115, 97 (1986);
A.A. Starobinsky, JETP Lett. 57, 622 (1993);
I.I. Sokolov, JETP Lett. 57, 618 (1993);
G.F.R. Ellis and R. Tavakol, Class. Quantum Grav. 11, 675 (1994);
A.O. da Costa, G.F. Smoot and A.A. Starobinsky, Astroph. J. 468, 457 (1996);
R. Lehoucq, M.Lachie`ze-Rey and J.-P. Luminet, Astron. Astrophys. 313, 339 (1996);
B.F. Roukema, Mon. Not. R. Astron. Soc. 283, 1147 (1996);
16
J.J. Levin, J.D. Barrow and J. Silk, Phys. Rev. Lett. 79, 974 (1997);
N.J. Cornish, D.N. Spergel and G.D. Starkman, Class. Quantum Grav. 15, 2657 (1998);
N.J. Cornish, D.N. Spergel and G.D. Starkman, Proc. Nat. Acad. Sci. 95, 82 (1998);
N.J. Cornish, D. Spergel and G. Starkman, Phys. Rev. D 57, 5982 (1998);
J.J. Levin, E. Scannapieco and J. Silk, Phys. Rev. D 58, 103516 (1998);
J.J. Levin, E. Scannapieco and J. Silk, Class. Quantum Grav. 15, 2689 (1998);
J.J. Levin, E Scannapieco, E. Gasperis, J. Sil and J.D. Barrow, Phys. Rev. D 58, 123006
(1999);
R. Lehoucq, J.-P. Luminet and J.-P. Uzan, Astron. Astrophys. 344, 735 (1999);
J.-P. Uzan, R. Lehoucq and J.-P. Luminet, Astron. Astrophys. 351, 776 (1999);
R. Aurich, Astrophys. J. 524, 497 (1999);
J.-P. Luminet and B.F. Roukema, Topology and the Universe: Theory and Observation,
astro-ph/9901364.
J.R. Bond, D. Pogosyan and T. Souradeep, Phys. Rev. D 62, 043005 (2000);
J.R. Bond, D. Pogosyan and T. Souradeep, Phys. Rev. D 62, 043006 (2000);
B.F. Roukema, Class. Quantum Grav. 17, 3951 (2000);
M.J. Rebouc¸as, Int. J. Mod. Phys. D 9, 561 (2000);
G.I. Gomero, M.J. Rebouc¸as and A.F.F. Teixeira, Phys. Lett. A 275, 355 (2000);
G.I. Gomero, M.J. Rebouc¸as and A.F.F. Teixeira, Int. J. Mod. Phys. D 9, 687 (2000);
G.I. Gomero, M.J. Rebouc¸as and A.F.F. Teixeira, Class. Quantum Grav. 18, 1885
(2001);
R. Aurich and F. Steiner, Mont. Not. Roy. Astron. Soc. 323, 1016 (2001);
K.T. Inoue, Prog. Theor. Phys. 106, 39 (2001);
B.F. Roukema, How to Avoid the Ambiguity in Applying the Copernican Principle for
Cosmic Topology: Take the Observational Approach, astro-ph/0101191;
D. Muller, H.V. Fagundes and R. Opher, Phys. Rev. D 63, 123508 (2001);
G.I. Gomero, A.F.F. Teixeira, M.J. Rebouc¸as and A. Bernui, Int. J. Mod. Phys. D 11,
869 (2002);
G.I. Gomero, Int. J. Mod. Phys. A 17, 4281 (2002);
R. Lehoucq, J. Weeks, J.-P. Uzan, E. Gausmann and J.-P. Luminet, Class. Quant. Grav.
19, 4683 (2002);
G. Rocha, L. Cayon, R. Bowen, A. Canavezes, J. Silk, A.J. Banday and K.M. Gorski,
Topology of the universe from COBE-DMR; a wavelet approach, astro-ph/0205155;
K. T. Inoue and N. Sugiyama, Phys. Rev. D 67, 043003 (2003);
A. Hajian and T. Souradeep, Statistical Isotropy of CMB and Cosmic Topology ,
astro-ph/0301590;
J.-P. Uzan, U. Kirchner and G.F.R. Ellis, WMAP data and the curvature of space,
astro-ph/0302597.
17
[2] J.J. Levin, Phys. Rep. 365, 251 (2002).
R. Lehoucq, J.-P. Uzan and J.-P. Luminet (2000), Astron. Astrophys. 1, 363 (2000);
V. Blanlœil and B.F. Roukema, Eds (2000), Cosmological Topology in Paris 1998
astro-ph/0010170;
G.D. Starkman, Class. Quantum Grav. 15, 2529 (1998);
M. Lachie`ze-Rey and J.-P. Luminet, Phys. Rep. 254, 135 (1995).
[3] G.I. Gomero, M.J. Rebouc¸as and R. Tavakol, Class. Quantum Grav. 18, 4461 (2001).
[4] G.I. Gomero, M.J. Rebouc¸as and R. Tavakol, Class. Quantum Grav. 18, L145 (2001).
[5] G.I. Gomero, M.J. Rebouc¸as and R. Tavakol, Int. J. Mod. Phys. A 17, 4261 (2002).
[6] G.I. Gomero and M.J. Rebouc¸as, Phys. Lett. A 311, 319 (2003).
[7] J.R. Weeks, Detecting topology in a nearly flat hyperbolic universe, astro-ph/0212006.
[8] J.R. Weeks, R. Lehoucq and J-P. Uzan, Detecting topology in a nearly flat spherical
universe, astro-ph/0209389;
A. Riazuelo, J-P. Uzan, R. Lehoucq and J. Weeks, Simulating Cosmic Microwave Back-
ground maps in multi-connected spaces , astro-ph/0212223;
J-P. Uzan, A. Riazuelo, R. Lehoucq and J. Weeks, Cosmic microwave background con-
straints on multi-connected spherical spaces , astro-ph/0303580.
[9] C.L. Bennet et al., First Year WMAP Observations: Preliminary Maps and Basic Re-
sults astro-ph/0302207;
D.N. Spergel et al., First year WMAP observations: Determination of cosmological
parameters , astro-ph/0302209.
[10] A. Miller et al., Astrophys. J. Supp. 140, 115 (2002).
[11] P.D. Mauskopf et al., Astrophys. J. 536, L59 (2000);
A.E. Lange et al., Phys. Rev. D 64, 042001 (2001).
[12] A.T. Lee, T. Padmanabhan and S.K. Sethi, Proceedings of 3K Cosmology ,
astro-ph/0010309.
[13] N.A. Bahcall and X. Fan, Astrophys. J. 504, 1 (1998);
N.A. Bahcall, X. Fan and R. Cen, Astrophys. J. 485, L53 (1997);
R.G. Carlberg, S.M. Morris, H.K.C. Yee and E. Ellingson, Astrophys. J. 479, L19
(1997).
18
[14] L.N. da Costa et al., Mon. Not. R. Astron. Soc. 299, 425 (1998) ;
M. Davis, A. Nusser and J. Willick, Astrophys. J. 473, 22 (1993);
J. Willick and M. Strauss, Astrophys. J. 507, 64 (1998);
J. Willick et al., Astrophys. J. 486, 629 (1997).
[15] August E. Evrard, Mon. Not. R. Astron. Soc. 292, 289 (1997);
L. Lubin et al., Astrophys. J. 460, 10 (1996);
L.N. da Costa et al., Mon. Not. R. Astron. Soc. 299, 425 (1998);
M. Davis, A. Nusser and J. Willick, Astrophys. J. 473, 22 (1993);
J. Willick and M. Strauss, Astrophys. J. 507, 64 (1998).
[16] L. Wang, R.R. Caldwell, J.P. Ostriker and P.J. Steinhardt, Astrophys. J. 530, 17 (2000),
and references therein.
[17] S. Perlmutter et al., Astrophys. J. 517, 565 (1998);
A.G. Riess et al., Astron. J. 116, 1009 (1998);
S. Perlmutter et al., Astrophys. J. 517, 565 (1999);
S. Perlmutter, M.S. Turner and M. Write, Phys. Rev. Lett. 83, 670 (1999).
[18] J.R. Weeks, SnapPea: A computer program for creating and studying hyperbolic 3-
manifolds , available at http://thames.northnet.org/weeks/
[19] C.D. Hodgson and J.R. Weeks, Experimental Mathematics 3, 261 (1994).
[20] E. Gausmann, R. Lehoucq, J.-P. Luminet, J.-P. Uzan and J. Weeks, Class. Quantum
Grav. 18, 5155 (2001).
[21] Ya. B. Zeldovich and I.D. Novikov, The Structure and Evolution of the Universe, p. 633-
640, The University of Chicago Press (1983). See on p. 637 refs. of the earlier works
by Su¨veges (1966), Sokolov (1970), Paa´l (1971), Sokolov and Shvartsman (1974), and
Starobinsky (1975).
19
